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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

F(x)= tanh(x)= ex−e−x
ex+e−x = u(x)

v(x)
u’(x)=v(x)
v’(x)=u(x)

[1]

F’(x) = u’(x) v(x) − u(x) v’(x)
v2(x)

= v2(x) − u2(x)
v2(x)

[2]

F’(x) = [ex+e−x][ex+e−x]−[ex−e−x][ex−e−x]
[ex+e−x]2 [3]

F’(x) = 4
[ex+e−x]2

= 1
cosh2(x)

[4]
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

F(x/a)= tanh(x/a)= ex/a−e−x/a
ex/a+e−x/a = u(x/a)

v(x/a)
[1]

F’(x/ a)= u’(x/a)v(x/a) − u(x/a)v’(x/a)
v2(x/a)

[2]

F’(x/ a)= v2(x/a) − u2(x/a)
av2(x/a)

[3]

F’(x/ a)= 4
a [ex/a+e−x/a]2

= 1
a cosh2(x/a)

[4]
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

F1b(x) =btanh(x)=bex−e−x
ex+e−x

=bu(x)
v(x)

[1]

F’1b(x) =bu’(x) v(x) − u(x) v’(x)
v2(x)

[2]

F’1b(x) =bv2(x) − u2(x)
av2(x)

[3]

F’1b(x) = 4b
[ex+e−x]2

= b
cosh2(x)

[4]
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

Fab(x/a)=btanh(x/a)=bex/a−e−x/a
ex/a+e−x/a

=bu(x/a)
v(x/a)

[1]

F’ab(x/a) =bu’(x/a) v(x/a) − u(x/a) v’(x/a)
v2(x/a)

[2]

F’ab(x/a) =bv2(x/a) − u2(x/a)
av2(x/a)

[3]

F’ab(x/a)= 4b
a [ex/a)+e−x/a]2

= b
a cosh2(x/a)

[4]
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b e

xr /a − e−xr /a

exr /a + e−xr /a  = b 
p − q
p + q

p = exr /a q = e−xr /a

a=1,00, b=1,00 e=2,718282

F’ab(xr ) = 4b / [a{exr /a+e−xr /a}2]  = 4b / [a{p + q}2]

a=1,00; b=1,00
F’ab(xr )Asymptote

Fab(xr )

m
1,01

=0,98

N W
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xr = log[L/Lu]

L u

xu=

L u=28cd/m2range of office
luminance

F1,ar(xr )=F1,ab(xr )/F1,ab(xu)=relative receptor response

F1,ar(xr ) = 2 exr /a

exr /a + e−xr /a  = 2 
p

p + q

xu= 0
p(xu)=q(xu)=1

p = exr /a q = e−xr /a

a=1,00, b=1,00 e=2,718282

F’1,ar(xr ) = 4 / [exr /a+e−xr /a]2 = 4 / [p + q]2

a=1,00; b=1,00
F’1,ar(xr )Asymptote

F1,ar(xr )

m
1,01

=0,98

N W
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b 10xr /a’ − 10−xr /a’

10xr /a’ + 10−xr /a’ a=1,00, b=1,00 e=2,718282
a’=a ln(10)=2,302

10xr =eln(10) xr , 10xr /ln(10)=exr

10xr /a’=10xr  / [a ln(10)]=exr /a
F’ab(xr )=4b/[a{10xr /a’ +10−xr /a’ }2]

a=1,00; b=1,00
F’1_1(xr )Asymptote W

N

F1_1(xr )

m
1,01

=0,98
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b 

p
p + q  + b 

  −q
p + q = b 

p  − q
p + q

p = exr /a q = e−xr /a

a=1,00, b=1,00 e=2,718282

F’ab(xr ) = 4b / [a{exr /a+e−xr /a}2]  = 4b / [a{p + q}2]

a=1,00; b=1,00
F’ab(xr )Asymptote

Fab(xr )

m
1,01

=0,98

N W
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b e

xr /a − e−xr /a

exr /a + e−xr /a a=1,00, b=1,00 e=2,718282

F’ab(xr )=4b/[a{exr /a+e−xr /a}2]

a=1,00; b=1,00
F’1_1(xr )Asymptote W

N

F1_1(xr )

m
1,01

=0,98
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

Fab(x/a)=btanh(x/a)=bex/a−e−x/a
ex/a+e−x/a

=bu(x/a)
v(x/a)

[1]

F’ab(x/a) =bu’(x/a) v(x/a) − u(x/a) v’(x/a)
v2(x/a)

[2]

F’ab(x/a) =bv2(x/a) − u2(x/a)
av2(x/a)

[3]

F’ab(x/a)= 4b
a [ex/a+e−x/a]2

= b
a cosh2(x/a)

[4]
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b e

xr /a − e−xr /a

exr /a + e−xr /a a=1,00, b=1,00 e=2,718282

F’ab(xr )=4b/[a{exr /a+e−xr /a}2]

a=1,00; b=1,00
F’1_1(xr )Asymptote W

N

F1_1(xr )

m
1,01

=0,98
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

Fab(x/a)=btanh(x/a)=bex/a−e−x/a
ex/a+e−x/a

=bu(x/a)
v(x/a)

[1]

F’ab(x/a) =bu’(x/a) v(x/a) − u(x/a) v’(x/a)
v2(x/a)

[2]

F’ab(x/a) =bv2(x/a) − u2(x/a)
av2(x/a)

[3]

F’ab(x/a)= 4b
a [ex/a+e−x/a]2

= b
a cosh2(x/a)

[4]

 
eeo41−5n eeo31−5n

−4 −3 −2 −1   0   1   2   3   4
−3

−2

−1

  0

  1

  2

  3

xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b e

xr /a − e−xr /a

exr /a + e−xr /a a=1,00, b=1,00 e=2,718282

F’ab(xr )=4b/[a{exr /a+e−xr /a}2]

a=1,00; b=1,00
F’1_1(xr )Asymptote W

N

F1_1(xr )

m
1,01

=0,98
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

Fab(x/a)=btanh(x/a)=bex/a−e−x/a
ex/a+e−x/a

[1]

dFab(x/a)
dx

= 4b
a[ex/a+e−x/a]2

= b
a cosh2(x/a)

[4]

dFab(xr /a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =log(L/Lu)
dxr /dL=ln(10)/L

[5]

dFab(xr /a)
dxr

dxr
dL

= 4b
a[exr /a+e−xr /a]2

ln(10)
L

[6]
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xr = log[L/Lu]

L u L u=28cd/m2range of office
luminance

Fab(xr )=achromatic receptor response
Fab(xr ) = b 10xr /a’ − 10−xr /a’

10xr /a’ + 10−xr /a’ a=1,00, b=1,00 e=2,718282
a’=a ln(10)=2,302

10xr =eln(10) xr , 10xr /ln(10)=exr

10xr /a’=10xr  / [a ln(10)]=exr /a
F’ab(xr )=4b/[a{10xr /a’ +10−xr /a’ }2]

a=1,00; b=1,00
F’1_1(xr )Asymptote W

N

F1_1(xr )

m
1,01

=0,98
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Mathematical equations of hyperbel functions
See: Papula, L., (2003), Mathematische Formelsammlung, Vieweg

Fab(xr /a)=b tanh(xr /a)=bexr /a−e−xr /a

exr /a+e−xr /a [1]

dFab(xr /a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =log(L/Lu)
dxr /dL=ln(10)/L

[5]

dFab(xr /a)
dxr

dxr
dL

= 4b
a[exr /a+e−xr /a]2

ln(10)
L

[6]

L
dL

= 4bln(10)
a[exr /a+e−xr /a]2

dL=a[exr /a+e−xr /a]2L
4bln(10) [7]
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TUB-test chart eeo4; Model of normalized response function Fab(xr) and derivation F’ab(xr)
Mathematical calculation of the derivation F’ab(xr), of the contrast L/∆L, and the discrimination ∆L

http://farbe.li.tu-berlin.de/eeo4/eeo4l0np.pdf /.ps; only vector graphic VG; start output
see similar files: http://farbe.li.tu-berlin.de/eeo4/eeo4.htm

see sim
ilar files of the w

hole serie: 
http://farbe.li.tu-berlin.de/eeos.htm

technical inform
ation: http://farbe.li.tu-berlin.de or http://color.li.tu-berlin.de
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 registration: 20230701-eeo4/eeo4l0np.pdf /.ps
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aterial: code=
rha4ta

 application for evaluation and m
easurem

ent of display or print output


