
iei50−1n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fa(xr )= a exr /a
exr /a+e−xr /a

= a u(xr ,a)
v(xr ,a)

[1]

F’a(xr )=au’(xr ,a) v(xr ,a) − v’(xr ,a) u(xr ,a)
v2(xr ,a) [2]

u’v=[(1/a) exr /a] [exr /a + e−xr /a] [3]
v’u=[(1/a) exr /a − (1/a) e−xr /a] [exr /a] [4]

u’v=[1/a] {[exr /a]2 + 1 } [5]
v’u=[1/a] {[exr /a]2 − 1 } [6]
u’(xr ,a) v(xr ,a) − v’(xr ,a) u(xr ,a) = 2/a [7]  

iei50−2n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fc(xr )= c −e−xr /c
exr /c+e−xr /c

= c u(xr ,c)
v(xr ,c)

[1]

F’c(xr )=c u’(xr ,c) v(xr ,c) − v’(xr ,c) u(xr ,c)
v2(xr ,c) [2]

u’v=[(1/c) e−xr /c] [exr /c + e−xr /c] [3]
v’u=[(1/c) exr /c − (1/c) e−xr /c] [−e−xr /c] [4]

u’v=[1/c] {[e−xr /c]2 + 1 } [5]
v’u=[1/c] {[e−xr /c]2 − 1 } [6]
u’(xr ,c) v(xr ,c) − v’(xr ,c) u(xr ,c) = 2/c [7]

 
iei50−3n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fa(xr )= a exr /a
exr /a+e−xr /a

= a u(xr ,a)
v(xr ,a)

[1]

F’a(xr )=au’(xr ,a) v(xr ,a) − v’(xr ,a) u(xr ,a)
v2(xr ,a) [2]

u’v=[(1/a) exr /a] [exr /a + e−xr /a] [3]
v’u=[(1/a) exr /a − (1/a) e−xr /a] [exr /a] [4]

u’v=[1/a] {[exr /a]2 + 1 } [5]
v’u=[1/a] {[exr /a]2 − 1 } [6]
F’a(xr ) = 2 / [exr /a+e−xr /a]2 [7]  

iei50−4n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fc(xr )= c −e−xr /c
exr /c+e−xr /c

= c u(xr ,c)
v(xr ,c)

[1]

F’c(xr )=c u’(xr ,c) v(xr ,c) − v’(xr ,c) u(xr ,c)
v2(xr ,c) [2]

u’v=[(1/c) e−xr /c] [exr /c + e−xr /c] [3]
v’u=[(1/c) exr /c − (1/c) e−xr /c] [−e−xr /c] [4]

u’v=[1/c] {[e−xr /c]2 + 1 } [5]
v’u=[1/c] {[e−xr /c]2 − 1 } [6]
F’c(xr ) = 2 / [exr /c+e−xr /c]2 [7]

 
iei50−5n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fab(x/a)=btanh(x/a)=bex/a−e−x/a
ex/a+e−x/a

=bu(x/a)
v(x/a)

[1]

F’ab(x/a) =bu’(x/a) v(x/a) − u(x/a) v’(x/a)
v2(x/a)

[2]

F’ab(x/a) =bv2(x/a) − u2(x/a)
av2(x/a)

[3]

F’ab(x/a)= 4b
a [ex/a)+e−x/a]2

= b
a cosh2(x/a)

[4]
 

iei50−6n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fab(xr /a)=b exr /a−e−xr /a
exr /a+e−xr /a

=bu(xr /a)
v(xr /a)

[1]

F’ab(xr /a)=bv2(xr /a) − u2(xr /a)
av2(xr /a)

[2]

F’ab(xr /a)= 4b
a [exr /a+e−xr /a]2

[3]

xr=log(L/Lu)=log(Lr ) [4]

exr /a = 10xr /a’ = Lr 1/a’[5] a’ = a ln(10) [6]

 
iei50−7n

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fabc(xr ) = bexr /a−e−xr /c
exr /a+e−xr /c

= b u(z,a,c)
v(z,a,c)

z=xr [1]

F’abc(z)=bu’(z,a,c) v(z,a,c) − v’(z,a,c) u(z,a,c)
v2(z,a,c) [2]

u’v=[(1/a) ez/a + (1/c) e−z/c] [ez/a + e−z/c] [3]
v’u=[(1/a) ez/a − (1/c) e−z/c] [ez/a − e−z/c] [4]

u’(z,a,c) v(z,a,c) − v’(z,a,c) u(z,a,c)
= 2 [1/a + 1/c] [exr /a . e−xr /c]

[5]

 

 
iei50−8n, iej30−8n mod

Mathematical equations of hyperbolic functions
See: Handbook of Mathematical functions, NBS, USA, Sec. 4.5

Fabc(xr ) = bexr /a−e−xr /c
exr /a+e−xr /c

= b u(z,a,c)
v(z,a,c)

z=xr [1]

F’abc(z)=bu’(z,a,c) v(z,a,c) − u(z,a,c) v’(z,a,c)
v2(z,a,c) [2]

u’(z,a,c) v(z,a,c) − v’(z,a,c) u(z,a,c)
= 2 [1/a + 1/c] [ez/a . e−z/c]

[3]

F’abc(xr ) = 2 b [1/a + 1/c] exr /a . e−xr /c
[exr /a+e−xr /c]2

[4]

 
iei51−1n iei01−1n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fab(xr ,a)=b tanh(xr /a)=bexr /a−e−xr /a

exr /a+e−xr /a

xr =log(Lr)
Lr=L/Lu
xr <=0 [1]

dFab(xr ,a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
m=1/(ln(10)a) [5]

L
dL

= 4bm
 [exr /a+e−xr /a]2

dL= [exr /a+e−xr /a]2L
4bm [7]

L
dL

= 4bm
 [Lr

m+Lr
−m]2

dL=  [Lr
m+Lr

−m]2L
4bm [8]  

iei51−2n iei01−2n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fcb(xr ,c)=b tanh(xr /c)=bexr /c−e−xr /c

exr /c+e−xr /c

xr =log(Lr)
Lr=L/Lu
xr >=0 [1]

dFcb(xr ,c)
dxr

= 4b
c[exr /c+e−xr /c]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
n=1/(ln(10)c) [5]

L
dL

= 4bn
 [exr /c+e−xr /c]2

dL= [exr /c+e−xr /c]2L
4bn [7]

L
dL

= 4bn
 [Lr

n+Lr
−n]2

dL=  [Lr
n+Lr

−n]2L
4bn [8]

 
iei51−3n iei01−3n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fab(xr ,a)=b tanh(xr /a)=bexr /a−e−xr /a

exr /a+e−xr /a

xr =log(Lr)
Lr=L/Lu
xr <=0 [1]

dFab(xr ,a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
m=1/(ln(10)a) [5]

L
dL

= 4bm
 [exr /a+e−xr /a]2

dL= [exr /a+e−xr /a]2L
4bm [7]

L
dL

= 4bm
 [Lr

2m+2+Lr
−2m]

dL=  [Lr
2m+2+Lr

−2m]L
4bm [8]  

iei51−4n iei01−4n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fcb(xr ,c)=b tanh(xr /c)=bexr /c−e−xr /c

exr /c+e−xr /c

xr =log(Lr)
Lr=L/Lu
xr >=0 [1]

dFcb(xr ,c)
dxr

= 4b
c[exr /c+e−xr /c]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
n=1/(ln(10)c) [5]

L
dL

= 4bn
 [exr /c+e−xr /c]2

dL= [exr /c+e−xr /c]2L
4bn [7]

L
dL

= 4bn
 [Lr

2n+2+Lr
−2n]

dL=  [Lr
2n+2+Lr

−2n]L
4bn [8]

 
iei51−5n iei01−5n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fab(xr ,a)=b tanh(xr /a)=bexr /a−e−xr /a

exr /a+e−xr /a

xr =log(Lr)
Lr=L/Lu
xr <=0 [1]

dFab(xr ,a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
m=1/(ln(10)a) [5]

L/dL
(L/dL)u

;= 4
[exr /a+e−xr /a]2

dL
dLu

=[exr /a+e−xr /a]2L
4Lu [8]

L/dL
(L/dL)u

;= 4
[Lr

m+Lr
−m]2

dL
dLu

= [Lr
m+Lr

−m]2L
4Lu [9]  

iei51−6n iei01−6n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fcb(xr ,c)=b tanh(xr /c)=bexr /c−e−xr /c

exr /c+e−xr /c

xr =log(Lr)
Lr=L/Lu
xr >=0 [1]

dFcb(xr ,c)
dxr

= 4b
c[exr /c+e−xr /c]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
n=1/(ln(10)c) [5]

L/dL
(L/dL)u

;= 4
[exr /c+e−xr /c]2

dL
dLu

=[exr /c+e−xr /c]2L
4Lu [8]

L/dL
(L/dL)u

;= 4
[Lr

n+Lr
−n]2

dL
dLu

= [Lr
n+Lr

−n]2L
4Lu [9]

 
iei51−7n iei01−7n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fab(xr ,a)=b tanh(xr /a)=bexr /a−e−xr /a

exr /a+e−xr /a

xr =log(Lr)
Lr=L/Lu
xr <=0 [1]

dFab(xr ,a)
dxr

= 4b
a[exr /a+e−xr /a]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
m=1/(ln(10)a) [5]

L/dL
(L/dL)u

;= 4
[exr /a+e−xr /a]2

dL
dLu

=[exr /a+e−xr /a]2L
4Lu [8]

L/dL
(L/dL)u

;= 4
Lr

2m+2+Lr
−2m

dL
dLu

= (Lr
2m+2+Lr

−2m)L
4Lu [9]

 

 
iei51−8n iei01−8n

Achromatic colour vision with relative luminance
Mathematical hyperbel and potential functions

Fcb(xr ,c)=b tanh(xr /c)=bexr /c−e−xr /c

exr /c+e−xr /c

xr =log(Lr)
Lr=L/Lu
xr >=0 [1]

dFcb(xr ,c)
dxr

= 4b
c[exr /c+e−xr /c]2

xr =lnLr /ln(10)
dxr /dLr =1/(ln(10)Lr)
n=1/(ln(10)c) [5]

L/dL
(L/dL)u

;= 4
[exr /c+e−xr /c]2

dL
dLu

=[exr /c+e−xr /c]2L
4Lu [8]

L/dL
(L/dL)u

;= 4
Lr

2n+2+Lr
−2n

dL
dLu

= (Lr
2n+2+Lr

−2n)L
4Lu [9]
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TUB-test chart iei5; Colour vision model for normalized receptor responses Fa/c/ab/cb(xr)
Derivations F’a/c/ab/cb(xr) with hyberbel functions e(xr/a) and e(xr/c) for contrast L/∆L and ∆L

http://farbe.li.tu-berlin.de/iei5/iei5l0n1.txt /.ps; only vector graphic VG; start output
see separate figures of this output: http://farbe.li.tu-berlin.de/iei5/iei5.htm

see sim
ilar files of the w

hole serie: 
http://farbe.li.tu-berlin.de/ieis.htm

technical inform
ation: http://farbe.li.tu-berlin.de or http://color.li.tu-berlin.de
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